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A NOTE ON THE q-GENOCCHI NUMBERS AND POLYNOMIALS
Taekyun Kim
Abstract. In this paper we discuss the new concept of the q-extension of Genoc-
chi numbers and give the some relations between q-Genocchi polynomials and q-Euler
numbers.
§1. Introduction
A number given by the generating function
(1)
2t
et + 1
=
∞∑
n=0
Gn
tn
n!
.
It satisfies G1 = 1, G3 = G4 = G7 = · · · = 0, and even coefficients are given
by G2m = 2(1 − 2
2n)B2n = 2nE2n−1(0), where Bn is a Bernoulli number and
En(x) is an Euler polynomial. The first few Genocchi numbers for n = 2, 4, · · ·
are −1,−3, 17,−155, 2073, · · · . The Euler polynomials are well known as
(2)
2
et + 1
ext =
∞∑
n=0
En(x)
tn
n!
, see [1, 3, 7, 8, 9].
By (1) and (2) we easily see that
(3)
En(x) =
n∑
k=0
(
n
k
)
Gk+1
k + 1
xn−k, where
(
n
k
)
=
n(n− 1) · · · (n− k + 1)
k!
, cf. [4, 5, 6].
For m,n ≥ 1 and m odd, we have
(4) (nm − n)Gm =
m−1∑
k=1
(
m
k
)
nkGkZm−k(n− 1),
Key words and phrases. p-adic q-integrals, Genocchi numbers, q-Genocchi numbers, polynomials,
sums of powers.
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1
where Zm(n) = 1
m − 2m + 3m − · · ·+ (−1)n−1nm, see[3]. From (10 we derive
2t =
∞∑
n=0
((G+ 1)n +Gn)
tn
n!
,
where we use the technique method notation by replacing Gm by Gm(m ≥ 0), sym-
bolically. By (5), we see that
(6) G0 = 0, (G+ 1)
n −Gn =
{
2 if n = 1
0 if n > 1.
Let p be a fixed odd prime, and let Cp denote the p-adic completion of the algebraic
closure of Qp(=p-adic number field). For d a fixed positive integer with (p, d) = 1, let
X = Xd = lim←−
N
Z/dpNZ,
X1 = Zp,
X∗ = ∪
0<a<dp
(a,p)=1
(a+ dpZp),
a+ dpNZp = {x ∈ X |x ≡ a (mod dp
n)},
where a ∈ Z lies in 0 ≤ a < dpN .
Ordinary q-calculus is now very well understood from many different point of views.
Let us consider a complex number q ∈ C with |q| < 1 (or q ∈ Cp with |1−q|p < p
− 1
p−1 )
as an indeterminate. The q-basic numbers are defined by
[x]q =
qx − 1
q − 1
= 1 + q + q2 + · · ·+ qx−1,
and
[x]−q =
−(−q)x + 1
q + 1
= 1− q + q2 + · · ·+ (−q)x−1.
We say that f is a uniformly differentiable function at a point a ∈ Zp and denote this
property by f ∈ UD(Zp), if the difference quotients
Ff (x, y) =
f(x)− f(y)
x− y
have a limit l = f ′(a) as (x, y)→ (a, a).
For f ∈ UD(Zp), let us start with the expression
1
[pN ]q
∑
0≤j<pN
qjf(j) =
∑
0≤j<pN
f(j)µq(j + p
NZp),
2
representing a q-analogue of Riemann sums for f , cf. [5]. The integral of f on Zp will
be defined as limit (n → ∞) of those sums, when it exists. The p-adic q-integral of
the function f ∈ UD(Zp) is defined by
Iq(f) =
∫
Zp
f(x)dµq(x) = lim
N→∞
1
[pN ]q
∑
0≤x<pN
f(x)qx, (see [5, 10, 11, 12] ).
In the previous paper [4] author constructed the q-extension of Euler polynomials in
the fermionic sense of p-adic q-integral at q = −1 as follows:
(7) En,q(x) =
∫
Zp
[t+ x]nq dµ−q(t), where µ−q(x+ p
NZp) = lim
q→−q
µq(x+ p
NZp).
From (7), we note that
(8) En,q(x) =
[2]q
(1− q)n
n∑
l=0
(
n
l
)
(−1)l
1 + ql+1
qlx, see [4].
The q-extension of Genocchi numbers is defined as
(9) g∗q (t) = [2]qt
∞∑
n=0
(−1)nqne[n]qt =
∞∑
n=0
G∗n,q
tn
n!
, see [4].
The following formula is well known in [4, 7]:
(10) En,q(x) =
n∑
k=0
(
n
k
)
[x]n−kq q
kx
G∗k+1,q
k + 1
.
The modified q-Euler numbers are defined as
ξ0,q =
[2]q
2
, (qξ + 1)k + ξk,q =
{
[2]q if k = 0
0 if k 6= 0,
with the usual convention of replacing ξi by ξi,q, see [10]. Thus, we derive the gener-
ating function of ξn,q as follows:
(11) Fq(t) = [2]q
∞∑
k=0
(−1)ke[k]qt =
∞∑
n=0
ξn,q
tn
n!
.
Now we also consider the q-Euler polynomials ξn,q(x) as
(12) Fq(t, x) = [2]q
∞∑
k=0
(−1)ke[k+x]qt =
∞∑
n=0
ξn,q(x)
tn
n!
.
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From (12) we note that
(13) ξn,q(x) =
n∑
l=0
(
n
l
)
ξl,qq
lx[x]n−lq , see [10].
In the recent several authors studied the q-extension of Genocchi numbers and poly-
nomials (see[ 1, 2, 5, 6, 7, 12]). In this paper we discuss the new concept of the
q-extension of Genocchi numbers and give the some relations between q-Genocchi
numbers and q-Euler numbers.
§2. q-extension of Genocchi numbers
In this section we assume that q ∈ C with |q| < 1. Now we consider the q-extension
of Genocchi numbers as follows:
(14) gq(t) = [2]qt
∞∑
k=0
(−1)ke[k]qt =
∞∑
n=0
Gn,q
tn
n!
.
In Eq.(14), it is easy to show that limq→1 gq(t) =
2t
et+1 =
∑∞
n=0Gn
tn
n! . From (14) we
derive
gq(t) = [2]qt
∞∑
k=0
(−1)k
∞∑
m=0
[k]mq
tm
m!
= [2]q
∞∑
k=0
(−1)6k
∞∑
m=1
m[k]m−1q
tm
m!
= [2]q
∞∑
k=0
(−1)k
∞∑
m=0
m[k]m−1q
tm
m!
. (15)
By (15), we easily see that
(16) gq(t) = [2]q
∞∑
m=0
(
m
(
1
1− q
)m−1 m−1∑
l=0
(
m− 1
l
)
(−1)l
1
1 + ql
)
tm
m!
.
From (14) and (16) we note that
(17)
∞∑
m=0
Gm,q
tm
m!
=
∞∑
m=0
(
m[2]q
(
1
1− q
)m−1 m−1∑
l=0
(
m− 1
l
)
(−1)l
1 + ql
)
tm
m!
.
By comparing the coefficients on both sides in Eq.(17), we have the following theorem:
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Theorem 1. For m ≥ 0 we have
Gm,q = m[2]q
(
1
1− q
)m−1 m−1∑
l=0
(
m− 1
l
)
(−1)l
1 + ql
.
From Theorem 1, we easily derive the following corollary:
Corollary 2. For n ∈ N we have
G0,q = 0, (qG+ 1)
k +Gk,q =
{
[2]2q
2 if k = 1,
0 if k > 1,
with the usual convention of replacing Gi by Gi,q.
Remark. We note that Corollary 2 is the q-extension of Eq.(6). By (10) and
Corollary 2, we obtain the following theorem:
Theorem 3. For n ∈ N we have
ξn,q =
Gn+1,q
n+ 1
.
From (12) we derive
Fq(x, t) = [2]q
∞∑
n=0
(−1)ne[n+x]qt = qxt
[2]q
qxt
e[x]qt
∞∑
n=0
(−1)neq
x[n]qt
= e[x]qt
∞∑
n=0
qnx
Gn+1,q
n+ 1
tn
n!
=
∞∑
n=0
(
n∑
k=0
(
n
k
)
[x]n−kq q
kxGk+1,q
k + 1
)
tn
n!
. (18)
By (18), we easily see that
ξn,q(x) =
n∑
k=0
(
n
k
)
[x]n−kq q
kxGk+1,q
k + 1
.
This formula can be considered as the q-extension of Eq.(3). Let us consider the
q-analogue of Genocchi polynomials as follows:
(19) gq(x, t) = [2]qt
∞∑
k=0
(−1)ke[k+x]qt =
∞∑
n=0
Gn,q(x)
tn
n!
.
5
Thus, we note that limq→1 gq(x, t) =
2t
et+1e
xt =
∑∞
n=0Gn(x)
tn
n! . From Eq.(19), we
easily derive
(20) Gn,q(x) = [2]qn
(
1
1− q
)n−1 n−1∑
l=0
(−1)l
1 + ql
qlx
(
n− 1
l
)
.
By (19) we also see that
∞∑
n=0
Gn,q(x)
tn
n!
= [2]qt
∞∑
k=0
(−1)ke[k+x]qt = [2]qt
m−1∑
a=0
(−1)a
∞∑
k=0
(−1)ke[k+
a+x
m
]qm [m]qt
=
[2]q
[m]q[2]qm
m−1∑
a=0
(−1)a
(
[m]qt[2]qm
∞∑
k=0
(−1)ke[m]qt[k+
a+x
m
]qm
)
=
∞∑
n=0
(
[2]q
[m]q[2]qm
m−1∑
a=0
(−1)a[m]nqGn,qm
(
x+ a
m
))
tn
n!
=
∞∑
n=0
(
[2]q
[2]qm
[m]n−1q
m−1∑
a=0
(−1)aGn,qm
(
x+ a
m
))
tn
n!
, where m ∈ N odd.
Therefore we obtain the following theorem:
Theorem 4. Let m(= odd) ∈ N. Then we have the distribution of the q-Genocchi
polynomials as follows:
Gn,q(x) =
[2]q
[2]qm
[m]n−1q
m−1∑
a=0
(−1)aGn,qm
(
x+ a
m
)
,
where n is positive integer.
Theorem 4 will be used to construct the p-adic q-Genocchi measures which will be
treated in the next section. Let χ be a primitive Dirichlet character with a conductor
d(= odd) ∈ N. Then the generalized q-Genocchi numbers attached to χ are defined
as
(21) gχ,q(t) = [2]qt
d−1∑
a=0
χ(n)(−1)ne[n]qt =
∞∑
n=0
Gn,χ,q
tn
n!
.
From (21) we derive
(22) Gn,χ,q =
[2]q
[2]qd
[d]n−1q
d−1∑
a=0
(−1)aχ(a)Gn,qd(
a
d
).
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§3. p-adic q-Genocchi measures
In this section we assume that q ∈ Cp with |1 − q|p < p
− 1
p−1 so that qx =
exp(x log q). Let χ be a primitive Dirichlet’s character with a conductor d(= odd) ∈ N.
For any positive integers N, k and d(= odd), let µk = µk,q;G be defined as
(23) µk(a+ dp
NZp) = (−1)
a[dpN ]k−1q
[2]q
[2]
qdp
N
G
k,qdp
N (
a
dpN
).
By using Theorem 4 and (23), we show that
p−1∑
i=0
µk(a+ idp
N + dpN+1Zp) = µk(a+ dp
NZp).
Therefore we obtain the following theorem:
Theorem 5. Let d be odd positive integer. For any positive integers N, k, and let
µk = µk,q;G be defined as
µk(a+ dp
NZp) = (−1)
a[dpN ]k−1q
[2]q
[2]
qdp
N
G
k,qdp
N (
a
dpN
).
Then µk can be extended to a distribution on X.
From the definition of µk and (22) we note that∫
X
χ(x)dµk(x) = Gk,χ,q.
By (14) and (16), it is not difficult to show that
(24) Gn,q(x) =
n∑
k=0
(
n
k
)
[x]n−kq q
kxGk,q.
From (23) and (24) we derive
(25) dµk(a) = lim
N→∞
µk(a+ dp
NZp) = k[a]
k−1
q dµ−q(a).
Therefore we obtain the following corollary:
Corollary 6. Let k be a posotove integer. Then we have
Gk,χ,q =
∫
X
χ(x)dµk(x) = k
∫
X
χ(x)[x]k−1q dµ−q(x).
Moreover,
Gk,q = k
∫
X
[x]k−1q dµ−q(x).
Remark. In the recent paper( see [1]) Cenkci-Can-Kurt have studied q-Genocchi
numbers and polynomials and p-adic q-Genocchi measures. Our q-Genocchi numbers
and polynomials to treat in this paper are different their q-Genocchi numbers and
polynomials.
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